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Belizts, Autonomy, and Mathematical Knowledge

Introduction
A recurrent theme in mathematics education has been the impact of students’ attitudes on their

®
achievement in mathematics. Evidence for this interaction is suggested by the results of the recent

National Assessments of Education Progress (NAEP). In the fourth NAEP, data was collected on both

students’ proficiency on basic arithmetic skills, problem solving, and conceptual understanding; and on
students’ attitudes towards mathematics (Brown, Carpenter, Kouba, Lindquist, Silver & Swafford, 1988b;
Swafford & Brown, 1989). The mathematical results indicate a strong reliance on algorithms with little
conceptual underpinning to facilitate applications or problem solving. Equaily alarming are the attitudinal
results. A majority of the seventh and eleventh grade students surveyed responded that they perceived
mathematics as merely following rules and over half feit learning mathematics is mostly memorization.
Anproximately 20 percent of the students agreed with the statement that mathematics is made up of
unrelated topics and about 35 percent agreed that new discoveries are seldom made in mathematics and
that mathematicians work with symbols and not ideas.

For Silver (1987), these beliefs about mathematics reflect a 'hidden’ component in the mathematics
curriculum.

These statements and others like them, refiect students’ beliefs about or attitudes toward
mathematics. The students' beliefs and attitudes have been shaped by their school mathematics
experiences. Despite the fact that neither the authors of the mathematics curriculum nor the
teachers who taught the courses had intentional curricular objectives related to students’ attitudes
toward and beliefs about mathematics, students emerged from their experience with the curricuium
and the instruction with these attitudes and beliefs. Since the students’ viewpoint represented by
these statements is clearly inadequate, and potentially harmful to their future progress in
mathematics, we need to focus our attention more clearly on those hidden products of the
mathematics curriculum. (Silver, 1987, p. 57)

In his review of the literature on beliefs about mathematics, Underhill (1988) pleads that:

As we know more of learners’ beliefs, we are struck by the disparities between what we believe and
what they beiieve, what we intend to be learned and what is leamed. Further study can surely heip
us improve mathematics instruction by providing a new type of feedback. Too many leamers have
no sense of empowerment; they are looking only for correct answers; they are memorizing facts and
procedures. Far too few feel mathematically empowered; far too few feel in charge of their own
learning, feel in charge of the growth and development of their own mathematical knowledge. (p. 66)




While the results from the NAEP and the observations made by Silver and Underhill suggest the
importance of beliefs, little is known about the actual nature of the interaction between attitudes/beliefs and
achievement. A review of the attitude literature reveals numercus statistical studies showing a consistently
low to medium cormelation (.19 to .54) between the measures of attitudes towards mathematics and
achievement (Alken, 1970a,b, 1971, 1976; Kuim, 1980; Reyes, 1984). These statistical results have been .
interpreted as indicating that attitudes have a secondary rather than a causai effect on achievement.

Although numerous, the research results have proven inconclusive and fragmented. Reviewers
of the literature have criticized the research on severai key points: (a) no unifying definition of attitude, (b)
the absence of a theoretical basis for interpreting statistical data or directing research questions, (c) little
cross referencing or buikding on previous work, and (d) inadequate models to explain the interaction
between attitude and achievement. Aiken (1976), in his review, indicates that attitude research has relied
too heavily on correiation methods and Indirect measures of atttudes such as questionnaires. He
recommends that future research consider the distinction between the cognitive and emotional
subcomponents of attitude when developing attitudinal instruments. Kuim (1980) further argues for theory
development studies utilizing qualitative methods which are sensitive to nuances in beliets, opinions, and
behavior.

The recent qualitative research into students’ problem-soiving strategies has reopened the debate
as to the effect of beliefs on students’ cognitive processes. The studies of Buchanan (1984), Cobb (1685,
1986), Frank (1985), and Schoenfeld (1983, 1985) have pointed to students’ beliets about mathematics as
a limiting faclor in their problem-solving behavior. Beliefs by setting up expectations appear to constrain
students’ choice of heuristics and even restrict the type of problems students perceive as mathematics
(Kouba & MacDonald, 1987, 1991). Collectively, these studies suggest that beliefs have an interactive role
as students soive problems and learn mathematics.

In this investigation, a multiple case study design was utilized to examine six Algebra Il students’
beliefs about mathematics and their possible effect on leaming mathematics. The research plan consisted

of a pilot study and three data gathering phases: (a) classroom observations and assessment of the
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teacher's perception of her role in the learning proceass, (b) an assessment of student participants’ beliefs
about mathematics and autonomy with mathematics, and (c) an assessment of the students’ newly formed
mathematical constructs on functions.

Brietly, the rationale behind the research pian was to develop a detailed portrait of each individual's
beliefs about mathematics, to observe these individuals within the social context of their mathematics
classes, and finally, to carefully examine the mathematical constructs that the individuals formed from their
classroom experiences. By synthesizing the information on individual students’ beliefs with the classroom
observations and expectations and comparing these results with the individual student's mathematical
constructs, a description was developed for each studém. These descriptions attempted to explain the type
and depth of the mathematical construcls relative to the students’ beliefs and to the classroom
expectations. Finally, these individual descriptions were compared for any patterns and similarities among
studenis’ beiiefs about mathematics, students’ autonomy with mathematics, and students’ understanding
of functions. In exploring the relationships between students’ beliefs about mathematics and autonomy,

and students’ knowledge of functions in the classroom environment, the following questions were

addressed.

Students’ Beliefs
1. To what extent do the students hold beliefs about mathematics as conceptual or procedural in

nature?

2. To what extent do the students hold the belief that they are the source of authority for their
knowledge?

3. What do students perceive as their role and the teacher's role in learning mathematics?

4. How are the students’ beliefs about mathematics as conceptual or procedural related to their source

of authority? For example, do students with a view of mathematics as conceptual have an internal
source of authority?

Relationship between Beliefs and Knowledge of Functions

1. To what extent do the students reveal a conceptual or procedural uncarstanding of functions which

]




includes the definition of function; the concepts of domain and range; function notation; compasition
of functions; and linear functions?

2. How do the students’ beliefs about mathematics as conceptual or procedural it with their knowledge
of functions? For example, do students who hold a view of mathematics as procedural construct a
procedural or conceptual understanding of functions?

Theoretical Framework and Research Assumpfions

This research study is premised on several theories and perspectives. Foremost are the
assumptions that beliefs and knowledge are constructs of the individual and that thesa constructs are
formed in response to experience and self-reflection. Individuals utilize their beliefs and knowledge to
create meaning from experience and subsequently to anticipate future events (Kelly, 1963; Green, 1871;
Rokeach, 1968; Cobb and von Glaserfeld, 1983). Within the perspective of constructivism, the individual
is seen as a scientist actively developing thaories to explain observation and experience. Like scientists,
individuals test their theories against experience.

One immediate consequence of this perspective is that all knowledge and beliefs are perceived
as individualized. Yet individuals do not develop their understanding of the world in isclation from the
culture and era in which they live. Toulmin (1972) suggests that the way an individuai chooses to interpret
experience Is Influenced by society. Kuhn (1962) further argues that knowledge can be viewed as sociaily
justified beliefs. That is, those individual constructs or mearings which are shared and common to a
~oclety would be considered knowledge. Under this description, discipline knowledge would represent the
common constructs of the practitioners of that discipline. The discipline also would share a common criteria
for validating statements. Thus, even within this individualized perspective, the construction ot knowledge
is seen as a flow betwesn the individual and society. Those Individual constructs that were not shared or
common to a discipline wouid be designated beliets rather than knowledge.

The individual and tha discipline also interact in other ways. While ail mathematical statements
are scrutinized within a well-defined deductive system, the practitioners of the discipline still engage in a

personal affirmation process to reestablish the meaning and validity of these statements (MacLane, 1986;




Davis and Hersh, 1986). Mischler (1978) describes the mathematician’s search for meaning and the

processes used to create mathematics by saying:
When a mathematician says he understands a mathematical theory, he possesses much more
knowledge than that which concerns the deductive aspects of theorems and proofs. He knows about
examples and heuristics and how they are related. He has a sense of what to use and when 1o use
it and what is worth remembering. He has an intuitive fee! for the subject, how it hangs together,
how it relates to other theories. He knows how not to be swamped by detalis, but also to reference
them when he needs them. (p. 361)

Thus mathematical understanding or knowledge entaiis more than the specific content knowledge. It also

includes the processes by which the knowledge is developed and verified, and the perspective through

which an object or idea is viewed within the discipline.

The processes and perspective associated with mathematics represent a metacognitive level in the
discipline. It is one of the hypotheses of this study that students’ beliefs about mathematics as a discipline
and beliefs about learning and doing mathematics reveal their attempts to describe this secondary level
in mathematics.

It is further hypothesized that these beliefs, rather than being extraneous, have a dynamic role in
the leaming and doing of mathematics. The rationale for this premise comes from muliiple sources.
Kilpatrick (1985), Schoenfeld (1983), and Shaughnessy and Haladyna (1984) suggest that beliefs act in
a metacognitive fashion. Kilpatrick (1985) notes that: "metacognitive processes raiher than being imposed
on top of acquired knowledge, interact with knowledge as it is being acquired (p. 9)." Beliefs are
metacognitive in the sense that they set-up expectations and anticipations which in turn deiimit choicas
(Cobb, 1986; Schoenfeld, 1983, 1985). These expectations are theorized to affect both how knowledge
is structured (Skemp, 1987) and how it is used (Buchanan, 1984; Cobb, 1986; Frank, 1985; Schoenfeld,
1985).

These mathematical constructs are theorized to form principally within the classroom content.
Researchers have even proposed that dysfunctional beliefs inhibit students’ abilty to engage in
mathematical activities, especially problem solving (Anderson, 1984; Baroody & Ginsburg, 1986; Borasi,
1980; Buerk, 1985; Frank, 1988).

What is being proposed, then, is that beliefs about mathematics and oneseif as a doer of
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mathematics by setting up expectations impinge in the cognitive processes at vital decision making
junctures. The following scenario suggests how and when this might occur in a problem solving situation,
When confronted with a situation, a student must first decide whether or not that situation is indeed a
mathematical problem. Even the acknowledgement of a situation as mathematical depends on the very
.elemems--context and clues--that an individual perceives as relevant (Kouba & MacDonald, 1887, 1991),
Here then is a first juncture where students' baliefs about the nature of mathematical problems can
influence their response to a problem. For example, does the student expect a problem to be identical to
ones seen Iin the slassroom? Must it contain numbers? Does the student look for the mathematical
structure inherent in the problem?

Once a problem is acknowledged as legitimately a mathematical situation, the student must then
decide what strategies to employ to solve the problem. It is here that Cobb (1985, 1986) and Schoenteld
(1983, 1985) propose that beliefs again enter into the deliberations. Does the student approach the
problem with the expectation that its solution resides in the quick execution of a known procedure? Does
the student expect to use trial and error to explore a problem betore a solution process is devised?

Also, within the solution process, beliets are theorized to atfect executive-monitoring (Confrey,
1982; Confrey & Lipton, 1985; Gelman & Meek, 1986; Schoenfeld, 1985). Does the student expect the
solution > make internal sense? Are the solutions expected to be consistent with other knowledge? Are
solutions validated solely on the basis of a careful execution of an algorithm? Are the solutions correct only
if a teacher or answer key indicatas them as such?

In each of these junctures, beliefs about mathematics were conjectured to impinge upon the
cognitive processes in problem solving. In addition, beliefs are hypothesized also to affect knowledge
formation by establishing expectations for what is vaiued and attended to in an experience and how it is
expected to be utilized in the future.

Skemp (1987) explains the development ot knowledge or understanding interms of "assimilate fion]
into an appropriate schema (p. 29)." Skemp defines a schema as a conceptual structure that an individuai

constructs in resporse to (a) experiences in the world, (b) interactions with others’ ideas, and (c) internal
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refiactions. An individual tests the validity of that schema againat (a) physical events, (b) others’ ideas, and
(c) personal knowiedge or bellefs. The schema are then utilized by the individual to (a) integrate
knowledge and make predictions about future events, (b) faciltate communication with others, and (c) ad
future growth and reflaction.

Skemp also believes that the assimilation process invoives acceptance of the new information by
the Individual. This acceptance can arise in two ways. In the first way, "accepiance of an assertation
depends on the acceptance of the teacher's authority, and acting on i panakes more of the nature of
obedience than of comprehension (p. 87)." In contrast, in the second way, "the assimilation of meaningful
material depends on its acceptability to the intelligence of the student. Acting on it results from, and
consolidates, enlargement of the leamer's schemas (p. 87)."

Thus schema or beliefs can be viewed as a structuring menhanism which individuals attach or
assimilate new information into existing knowledge structure. The schema or beliet would direct how the
information is placed into the structure~whether it is tied to other kieas either directly or by a process of
reflection or heid apart, and whether the validity of the Information Is associated within or outside the
individual.

Skemp (1987) proposes that students’ mathematical knowledge structures or schema can be
characterized as either relational (conceptual) or instrumental (procedural). By relational, Skemp means
knowledge or understanding in mathematics that is integrated--"knowing what to do and why (p. 153)",
while instrumental denotes knowledge or understanding based on the exacution of rules without reference
to their rationale. While Skemp designates these two categories as types of understanding, they are
closely associated with students’ beliefs about mathematical knowledge and with students’ autonomy with
mathematics. Cobb (1986), Frank (1 985), and Buchanan (1984) identify these categorizations with differing
belief systems.

Othar writers and researchers also have delineated mathematical knowledge into broad categories
based on the type of internal structure associated with the knowledge. Notably Hiebert and Lefevre (1986)
categorize mathematical knowledge as conceptual or procedural. Like Skemp, Hiebert and Lefevre do not




identify these categories directly with any beliet systems but their language is suggestive of beliets. Hiebert
and LeFavre outline several benefits that arise when mathematics is understood relationally or in their
terminology when conceptual and procedural knowledge are joined. These benefits provide a means for
obsarving and distinguishing relational or joined knowledge from instrumental ot procedural knowledge.
First, symbols develop meaning. Second, procedures are now perceived as reasonable. Since the
procedures are understood, thay are more easlly remembered and recalled. Third, problem solution is
enhanced. This enhancement is achieved by (a) simplifying procedural demands, (b} monitoring procedure
selection and execution, and (c) promoting transterence. These advantages are realized since "the

conceptualization of a task enables one to anticipate the consequences of possible actions. This

information can be used to select and coordinate appropriate procedures (p. 12)." The transference is
furthered since procedures are no longer tied to the surtuce context in which they were lsamed. As a
result of this freedom from context, procedures are more readily generalized. Finally, procedural outcomes
are moniored. Conceptual knowiedge functions in this regard as a vaiidating criteria, judging the
reasonablenaess of the answer.

Skemp's theory of schemas links an individual's global view of the discipline with the manner In
which new information is accepted or assimilated. This linkage s also visible in Perry’s (1881) theory of
intellectual development. in that theory the maturation process is tied to a change In authority for one's

knowiedge from external to internal. Confrey (1985) Kentifies an intemal source of validation with

autonomy in mathematics. For Confrey autonomy reflects a belief that the individual Is responsible for the

truthfulness or corractness of one’s knowledge and answers and that mathematics is valid or acceptable

| when it makes sense 1o the individual. Confrey further proposes that without the acceptance of this

responsibility that students will remain depandent on outside authority, teacher or text; develsp krowledge

that Is formalized and isolated from the rest of their experience; and feel powerless with respect to their
use and knowledge of mathematics.

Fennema and Peterson (1985) associate autonomy with the development of higher-level cognitive

skills. To develop these skills individuals' need to participate in autonomous leaming behaviors which they
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describe as ‘working independently on high-level tasks, persisting at such tasks, choosing to do, and
achieving success in such tasks (p. 20)." Thus, for Fennema and Peterson, autonomy is linked to
motivation and confidence.

In summary these various perspectives suggest that autonomy involves both an acceptance of
oneself as having the primary responsibility for one's leaming of mathematics and the acceptanse of
oneself as the source for validating one's knowledge and solutions. Autonomy Is an independence
theorized to affect persistence, confidence and intellectual growth.

Methodology
Setting
The setting for tr.e study was a small high school in a university town in southern New Hampshire.
Approximately 500 students were enrolled in this school which has a strong college preparatory program.
Approximately 78% of the student body attends elther a four-year or two-year college after high school.
The student pariciparts and classroom observations were from an Algebra Il and an Algebra
IVTrigonomaetry class both taught by Mrs. Thomas (pseudonym). The Algebra Il course was one of three
sections offered by the high school while the Algebra I/ Trigonometry course was the sole section of s
type. The six student participants were all volunteers from a pool of studaents from both algebra classes.
The pool consisted of any student who scored 75% or higher on the Algebra | Placement Exam (College
Board, 1972). Three student volunteers were selected from each class.
Data Collegtion
Phase I: Classroom Qbservation and Teacher Assessment

The first major phase in the data gathering was the video-taping of both classes during their
respective units on functions. This phase (a) documented the teachers presentation of the unit on
functions, (b) observed the student-teacher interaction in the classroom, and (c) collacted relevant
classroom materials as examples of the teacher's expectations for the classes.

To turther document the unit, coples of all quizzes, tests, handouts and homework assignments were
collected. Right of privacy considerations and the university's human subjects restrictions prohibited the
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coliection of the student participants' actual papers and assignments from the classes. In addition to the
video-tapes and sample assignments, the researcher kept a daily journal of impressions from each day's
observations.

The second component of tho classroom assessment entailed a series of five audio-taped
interviews with the classroom teacher. These interviews (a) clarified any issues that arcse from the
classroom observations, (b) obtained background information on the teacher’s experience and professional
activities, (c) ascentained the teacher's expectations concerning the functions unit for each class, (d)

racorded the teacher's philosophy of teaching and classroom policies, and (e) collected data concerning
the teacher's own beliefs about mathematics.

Phase |l. Bellefs Assessment

The purpose of this second phase was to gather information on the students’' background and
beliefs about mathematics. Three primary belief catagories were targeted: (a) students’ beliefs about
mathematics as conceptual or procedural, (b) students' beliefs about their own role and the teacher's rola
in iearning mathematics, and (¢) students' autonomy with mathematics. ‘

This phase in the data collection involved a series of five Interviews with each of the six
participants. Ttie audio-taped interviews occurred once a week during the students' free period and lasted
approximately 45 minutes. The interviews were conducted in a small, enclosed study carrel in the library
of the high school. A calculator, straight edge, pencil, and scratch paper were alvways available for student
use.

The imerview schedule including the questions and instruments is given in the appendix. Each
interview began with a few minutes of irformal conversation to relax the participants. The interviews were
conducted in a neutral manner with regard to the validity of students' mathematical work and opinions so
as to avoid the researcher agsuming an authoritative or expert's role and to empower the students’ own

voice.

Several techniques were employed to collect information on the belief categories. (See Table 1.)

One component of this assessment entailed observing and questioning students while they solved various
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mathematics problems. These problems ranged from simple arithmetic algorithins to problem-solving
situations. Follow-up probes explored the students' rationale for their straiegies and their dependency on
rules and algorithms when solving problems particularly in problem-solving situations.

To turther corroborate any beliefs that might be expressed by the students or inferred from their
s~iution to mathematics problems, the students completed several additional activities. These activities
included marking and discussing a mathematics topics ranking grid and vocabulary lists, grading a sample
aigebra test, and responding to various scenarios on student’siteacher’s roles.

Table 1

Triangulation of Instruments

Beliefs
instrument Procedural/ Student/  Autonomy  Interview
Conceptual Teacher Quastions
Problems X X 19, 20, 21, 23
24,25, 26, 27
28, 29, 30, 31
33, 34, 35
Sample test X X 32
Vocabulary list X X 22
Ranking grid X 36
Studentteacher X 37, 38, 39, 40
scenarios 41,42, 43
Background
questions X 1-18
Phase lll: Functions Assessment

Inthis phase, the students participated in an additional three interviews. These were again audio-
taped and lasted approximately 45 minutes each. The purpose of this series of intarviews was to
investigate the knowledge that the six participants had constructed from their classroom unit on functions.
(See interviews six, saven, and eight in appendix for a list of the content questions used in this
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assessment.) The questions covered the concepts of slope, function (both the definition and notation),
domain and range, graphing functions, intercepts, composition of functions, and word probiems using
function notation. With the exception of graphing straight lines, the functions unit represented now material
for the studerts in both classes.

" The content questions were developad prior to the study, but the final selection of questions was
delayed until after the completion of the functions unit in each class. By deiaying the selection, it was
possible to include problems that were familiar to the students as well as extension and transfer probiems.

lysis of the D
Boliefs Assessment

The assessment of the student participants’ beliefs about mathematics formed the comerstone of
this research study. Since each of the six students was treated as a separate case study the analysis
proceeded on a case by case basis. For the purpose of the initial analysis, the data from the instruments
was divided into two major groups: (a) data from the vocabulary list, the ranking grids, and the
studertteacher scenarios and (b) data from the mathematics problems and sample test. The data from
the first group was analyzed using the qualitative technique of typological analysis (Goetz & LeCompte,
1984) while the data from the later group was coded and enumerated.

The analysis of the first group of instruments proceeded in several stages. The data from these
instruments served as a potential confirmation (.Mangulatlon with) of the data from the students’ problem
solutions and, as such, needed to be analyzed separately. The data in this first group was turther divided
into those questions and instruments (e.g. vocabulary lists and ranking grid) that were related to generai
beliefs about the nature of mathematics and those instruments relevant to student/teacher roles. The
analysis in both subsections proceeded in a similar manner. First, the transcriptions were reviewed for
statements suggestive of a view of mathematics as procedural or conceptual, and statements indicative
of the students’ view of their own autonomy with mathematics. Whiie these beliefs were the focus of the
search through the transcriptions, any statement which expressed a clear belief about the nature of
mathematics was tlagged for inclusion in the report of the data. Once the data from the individual
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instruments was analyzed, the students' comments on each instrument wers re-examined for cross
instrument agreement. A similar process occurred when examining and then summarizing the individual
students’ beliefs about the studentteacher roles in leaming mathematics.

A diffarent process of analysis was used for the second group of data: the students’ problem
solutions and evaluation of the sample test. Uniike the first group, the analysis of this data entalled
inferences from the students’ work and subsequently necessitated comoboration for those inferences from
independent sources. The transcriptions of the students’ solution processes were coded according to the
criteria given in the appendix. Actual Passages within the transcriptions were annotated as evidence
supporting the various coding categories.

The coding of the data occurred in two phases. The data was rated first for the
conceptual/procedural criteria and, second, for the autonomous/nonautonomous criteria. The codings were
based on a positive instance of a category rather than on fts absence. For example, in order for an
episode in the transcription to be designated as nonautonomous, the student would have had to made a
comment or shown by her actions one the behaviors listed in the coding criteria. She would not receive
a nonautonomous coding because she falied to show any autonomous behaviors. ‘Also the categories were
not assumed to be mutually exclusive, that is, an episode could potentiélly be coded both conceptual and
procedural if the student exhibited actions or comments exemplary of both categories. - If no positive
instances of either category were observed, then the episode/problem was designated undecided. Finally
the coding of the data was independent of whether the student comractly solved the problem.

Once the initial coding of the data for the six participants had been completed, the data was re-
analyzed by two independent coders using the definitions and coding categories. The two coders were
responsibie for re-evaluating the data from two of the student participants: Ann and Tara. The coders
were given clean copies of the transcriptions and the scratch work along with the audio-tapes and coding
sheets. The coders worked through the data once to code it for the conceptual/procedural categories and

a second time for the autonomous/nonautonomous categories.

The coders' evaluations and comments were then compared to the researcher's own coding of the
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data. This comparison yielded an 85% and 75% overall match in the selection of coding categories. Using
both sets of codings and the comments, the researcher then wrote a summary of the evaluation of the
students’ problem solutions. The written summaries for Ann and Tara were then submitted to the coders
for their corroboration as representative of the data they had examined and coded. The final conclusions
reflect the coders’ criticisms and comments.

The final step in the analysis of the students’ beliefs entailed a re-examlriatlon of the data from both
of the major groups of instruments. This examination searched for any consistencies in or discrepancies
between the students’ beliefs as inferred trom the analysis of the problem solutions and the beliefs as
reported from the other instruments.

Functions Assessment

The purpose of this assessment was to evakiate the student participants' understanding of the
concept of function. This evaluation included questions on the definition of function, function notation, the
concept of domain and range, graphs of functions, intercepts, composition of functions, and word problems
using function notation. These topics represented the core of the content common to both classes. Like
the beliefs analysis, the analysis of the data in this section progressed through several stages and involved
the independent coders.

The analysis began with researcher coding the students’ solutions and comments on each of the
functions questions.  Although the primary coding was either correct or incorrect, these codings were
qualified by comments and by the demarkation of C+, C and C- which indicated the relative strength of the
students’ correct response. That is, how complete the response was and how readily it was forthcoming
(without prompting or probing by the researcher).

The data from Ann's and Tara's functions questions was recoded by the same two coders who had
evaluated their beliefs data. As before, the coders were given a clean copy of the transcriptions, scratch
work, audio-tapes, and coding sheets. The coders were instructed to code Ann's and Tara's responses
as mathematically correct or incorrect and to express their rationale for their coding selection. Since the

interviews were interactive, the possibility existed that the researcher might have inadvertently led the
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student to the probiem solution or curtailed the student’s own response. In recognition of this possibility,
the coders also were asked to comment on the interaction especially if in their perception the dialogue may
have unduly influenced the student’s responses.

The match on the categories selection batween the cr-* urs’ and the researcher’s codings was fairty
high: 90% and 80%. The few digcrepancies that occurred were all instances where the students’
comments reflected a very weak or partial understanding of the concepts implied in the question. For
example, one coder rated the student’s response C—, while the rasearcher evaluated it as W (incomrect).
Since the percentages were based exclusively on category match, this exampie would have been taliied
as a mismatceh, yet both codings and the accompanying comments conveyed similar messages about the
incomplsteness or vagueness of the student’s understanding.

Using both sets of codings and comments, the researcher then summarized the students’
responses to functions questions. The summary was organized around three topics: (a) definition of
function, (b) function notation, and (c) related concepts. Next the data from the beliefs assessment and
the functions assessment were re-examined for any apparent consistencies or discrepancies. For example,
would a student whose comments and problem solutions suggest a view of mathematics as conceptual

develop connections or ties in his knowledge of functions or would his knowledge appear fragmented and
rule based?

" Seco An S

For the primary level of analysis, aach of the six students was treated and reported as a separate
case study. Forthe secondary lavel of analysis, the data and conclusions for each student were compared.
The purpose was to examine the case studies for apparent trends or contradictions. For example, were
the students described as conceptual and autonomous in orientation also those who deveioped a well-
connected understanding of functions? Was there any relationship betwsen the designation as
conceptual/procedural in orientation and autonomous/nonautonomous in orientation? Were there any
students whose data appeared incongruent with the others?

Discussion and Conclusions
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The theoretical framework suggests connections among bellefs about mathematics, autonomy, and
knowledge structures. In particular the theory suggests that a conceptual view of mathematics is
associated with autonomy and with a relational knowledge structure. Analogously, a procedural view of
mathematics is associated with an external source of validity and with an instrumental knowledge structure.
The results summarized in the Student Ranking Table (see appendix) support the plausibility of these
connections. The table reveals that generally those participants with a higher percentage in the conceptual
coding category also were those codad high on autonomy and who subsequently were coded correct on
a higher percentage of the function questions.

These results, howaver, cannot establish causality between the factors. In a similar way the
specific comments made in the belief interviews cannot be causally linked to responses in the function
interviews. Yet, the interviews suggest plausible inferences between the two data sets. The following

discussion summarizes and compares each participants’ beliefs about mathematics and autonomy with their
knowledge of functions.
Di notl {

Keith

Keith's beliefs assessment conveyed a view of mathematics as procedural. Keith described
mathematics as "a brick wall" since it allowed no room for error. On the vocabulary list Keith selected the
terms rigid, controlled, and absolute to reflact the right-wrong aspect of mathematics. "You use a specific
formula to get specific answers™ and "you have to get this answer or eise you're wrong.” Keith saw
mathematics as useful but not beautiful or exciting. However, he did feel that the solution of word probiems
and proofs required originai thinking. He also felt that one needed to be clever to succeed at mathematics.
Keith saw real-world applications as important for motivation. He indicated that he expected tests to be
like homework or ciass problems, although he did not expect the teacher to prepare him for each problem
type.

The problem protocols in Keith's bellefs assessment aiso pointed towards a procedural view of
mathematics. He was coded conceptual on several problems because he was able to justify intultively
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arithmetic and algebraic procedures, and because he showed flexibility in his solution tachniques. The
procedural coding resulted from his use of unmenitored trial and error and dependance on the execution
of formulas in the problem-solving situations. Keith aiso graded the sample test on the basis of familiarity
of form rather than process. Kelth's autonomy during the problem protocols was limited. He showed some
monitoring of his processes and an expectation that his solutions should be justifiable.

Keith's functions interviews stand in contrast to his bellefs assessment. The concepiual and
autonomous codings from the belief's assessment showed that 62% of the problem episodes received a
conceptual rating while 40% received an autonomous rating. These relatively low percentages atong with
Keith's description of mathematics as prescribed rules suggested that Keith viewed mathematics as
primarily procedural in nature. Based on this conciusion, Kelth's functions assessment was anticipated to
show a reliance on procedures. Instead his protocols implled an integrated understanding of and ease with
many of the topics. Keith was able to use function notation in evaluating expressions like f(x) and f(g(x))
and in solving word problems. Keith also associated f(x) with y and quickly graphed f(x) = 2x + 3 both by

. a table of values and by using the slope-Intercept form. He articulately described the components of y =
mx + b including the roles of x and y in the equaton. Keith did, however, have difficulty applying the
vertical line test to graphs of function. He tacitly assumed that continuity was implied in the definition. He
also limited his definition of domain and range to the explickt x and y coordinates he computed. Finally

Keith insisted that the graph of y = (x - 1)(x - 2) (x - 3)(x - 4) would represent a series of 4 lines each with
the same y-intercept of 24,

The researcher hypothesized that this incongruity between the beliefs assessment and the function
assessment was partially attributable to Keith's reserved nature. As noted in the analysis of hig interviews,
Kelth rarely volunteered information. This sllerice made the autonomous coding especially difficult to
determine since ihe coding was premised on voluntary actions or comments. That is, a student only
received an autonomous or nonautonomous coding for a problem episode it he or she showed a voluntary
action or comment that indicated either coding category criteria. Hence the actual number of problem
episodes that could be evaluated for Kelth was fairly small. Forinstance, Ann's comments permitted coding
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on 12 problem episodes, while only 5 problem episodes could be coded for Keith. Thus Keith's evaluation
was based on fewar problem episodes. In a simillar fashion, Kelth's quiet demeanor may have also unduly
influenced his conceptualprocedural coding. He may have been less willing to volunteer his thoughts or
conjectures. The rasearcher observed that Keith tended to become quieter when he was confused or

uncertain.
Ann

Ann's interviews revealed a view of mathematics as conceptual. Ann repeatedly asserted that it
" was important to understand the rationale in mathematics. This rationale for procedures not only made the
ideas reasonable but it also helped to extend the procedures to new situations. Ann felt that it was
unnecessary to memorize mathematics i cne understood it. She enjoyed the challenge of applying
mathematics to new situations and to real-li@ applications. In fact, she saw mathematics everywthere in
the world around her. Ann also explained that in mathematics, especially in word problems, it was often
necessary t0 use trial and error to gain Insight into the problam. To her the craation of mathematics
required creativity and cleverness. While Ann saw mathematics problems as having only one right answer,
she felt that there could be multiple-solutions techniques. Finally she saw mathematical knowledge as
integrated concepts and cumulative in nature.

Anr's verbal reports were consistent with her actions and comments during the roblem phase of
the beliefs assessment. Ann demonstrated that she could use multiple aporoaches, justify procedures,
summarize her solutions, and use number sense to check an answer. In addition to these actions, Ann
evaluated the sample test on the basis of process rather than answers alone. Throughout the probiem
protocols, Ann revealed her autonomy with mathematics. She constantly monitored her progress checking
not only that the procedures were executed comrectly, but that the solutions made sense to her. She even
challenged the researcher's questions and suggestions. These actions showed Ann's pervasive
expectation that mathematics should make sense. That the rationales behind the procedures were

knowable and vital.

Ann's autonomy and her view of mathematics as conceptual appeared consistent with the type of
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knowledge she constructed from the functions unit. Ann illustrated her definition of function and one-to-one
with examples and graphs. She also was abie io extend her use of the definition of function to the abstract
situations in questions #61 and #63. (See appendix for a st.. ament of the problem.) While confused by
function notation, Ann still was abls to describe the domain and range of several functions. Ann aiso
demonstrated that she had integrated graphs with equations and the coordinates. of points. Si2 moved
easily beiween these three representations and used them in conjunction to validate her work. Ann utilized
this facility when she attempted to iocate the intercepts in problem #53. Like the other participants, she
had originally expected this problem to be linear. However, she persisted until she was satisfied that the
graph accurately reflacted the multiple intercepts. This tenacity and need to find closure was also evident
in her solution to the word problem in question #59. Here Ann utilized number sense to compensate for
her confusion with function notation. She expected her answer to make sense and actively sought aiternate
strategies to verity her solutions.

Overall Ann demonstrated a clear and integrated knowiedge of functions and linear equations.
While uncertain of function notation, she showed a meaningful understanding of the symbols in the
equation y = mx + b. Ann was alsc abie to transfer her understanding of functions and intercepts to
saveral non-routine problems. Of the six participants Ann alane cited a specific application, the parking
garage fee scale, in her rationale for studying functions. Ann's Interviews suggested that she had
developed a conceptual (relational) knowledge structure.

Ann's autonomy and conceptual view of mathematics appeared consistent with her knowledge
structure of functions. She had emphasized the iImportance of understanding of the rationale and the
expectation that this rationale behind procedures would facilitate her thinking in unfamiliar situations. Ann's
functions assessment demonstrated that had she developed this rationale and indeed could apply it. Ann
also had indicated her interest in the applications of mathematics. Again, her interviews showed that she
had remembered one of the few examples of real life applications given in class. As in her beliefs
assessmoem Ann repeatedly modeled her expectation that her solutions shoukd make sense and be

consistent with her knowledge. Thus, Ann's autonomy and conceptual view of mathematics were matched
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with her conceptual understanding of functions.
Tara

Tara's comments during the beliefs interviews presented a view of mathematics as procedural.
Tara's selection of vocabulary terms emphasizad mathematics as prescribed rules that were evaiuated right
or wrong. She saw mathematics as controlled since "There's a way it's to be done. . . .Thera's only one
kind of answer you ¢an get. it goes along with being right or wrong.” She also explained that: "Everything
that | ever learned in math saems to be like memorization.” Tara also believed strongly that teachers were
responsible for presenting step-by-step instructions for all problems that their students were expected to
solve on tests.

These beliefs coincided with Tara's acticns as she discussed and solved the problems in this
second phase of the beliefs’ analysis. During her work on the problems, especially the problem-solving
questions, it was apparent that Tara expected to apply known algorithms or equations to solve the
problems. She rarely utilized exploration or trial and error as a motivational tool and she readily expressed
her expectation that the researcher should supply hiriis or answers to these nonstandard problems. Aiso
when grading the sample test, Tara based har assessment on the tamiliarity of the form rather than on the
validity of the process. Thus in the beliefs’ assessment, Tara revealed a procedural view of mathematics
and a dependence on an outside authority to validate her solutions and her knowledge. This dependency
also extended to the expectation that all problem-solution techniques should be presented by the teacher.

Her explicit bellefs and her actions while solving problems appeared consistent with the type ot
knowledge she constructed from the functions unit. Tara's definition of function stressed the procedural
aspect of evaluating functions: "A formula into [which] a number is put to get an answer." Tara could
readily evaluate function notation, but failed to associate it with the y variable. She insisted, when asked
about domain and range of an equation in function notation, that the equation had no range. While she
recognized the graphs of functions by the "unction test” (vertical iine test), her usage of the test seemed
mechanical rather than basec’ or: the definition of function. This hypothesis was confirmed by her failure

to extend the idea of function to the more abstract situations of problems #61 and #63. (See appendix)
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Tara could not extend the concept of intercepts to the nonlinear equation in problem #53. Her discussion
showed that she couid only generate the y-intercept by recognizing an equation in the form ¥ = mx + b,
She also did not appear to realize that each ordered pair from the graph must satisty the equation. Overall
Tara's knowledge of functions seemed 1o be based on procedures using symbols. Her knowledge of the
various procedures appeared segregated. When confused orfaced with contradictory evidence, Tara again
tumed to the researcher with the expectation that the dilemma would be explained and the correct
procedure illustrated. |

Tara's knowledge of functions appeared consistent with the assessmen of her beliefs about
mathematics. In her discussion, she hac emphasized mathematics as memorized rules and that problems
should conform to class procedures and examples. Her function assessment demonstrated that she had
constructed a collection of prc~gdures that could be applied to routine problems. These procedures,
howaever, were not flexible, did not readily extend to new situations, and appeared disjointed. She also
seemed dependent on the recognition of a familiar form to trigger an appropriate response. Thus, Tara's
procedural view of mathematics and her lack of autonomy seemed congruemt with her procedural
knowledge of functions.
Tom

In his interviews, Tom conveyed a view of mathematics as utilizing rules, common sense, and
logical thinking. While rules were a significant part, he felt that mathematics was "being able to do the
thinking to get to those steps.” Tom found that many problems just solved themseives, but when a solution
was not immediate he suggested looking for similar examples, trying alternate approaches or simplifying
expressions. Like Ann, Tom felt that memorization was not necessary if one understood the concept or
procedure. Not only was mathematics ussful, but Tom found it chailenging and interesting, as well. Infact,
mathematics was the only school subject that actively engaged his interest and efforts.

Tom's actions and comments as he solved the problems ir: the beliefs assessment were consistert
with his views of mathematics. Tom demonstrated that he could justify procedures, summarize solutions,
and apply number sense to check the reasonableness of answers. Tom also evaluated the sample test
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on the basis of process rather than famillarity of form. Tom revealed his autonomy with mathematics by
voluntarily checking his answers and by monitoring his solution processes.

These expectations and actiors from the beliefs assessment appeared consistent with Tom's
respc "ses during the function interviews. Tom demonstrated his understanding of functions through his
recall of the definition, recognition of graphs of functions, and his application of the function concept to the
abstract situations in problems #61 and #63. (Sve appendix) Tom was equally adept at determining the
domaln and range of a function, graphing linear equations, and computing the slope of a line. While Tom's
responses showed a clear and an integrated understanding of tunctions and graphing, he was uncertain
and confused by function notation. This confusion included a failure to recognize f(x) as y, evaluate
expressions like (2), and use composition notation. With the excaption of function notation, Tom's
responses generally showed a conceptual understanding of functions and related topics.

As the above discussion indicates Tom valued the rationale behind procedures. His function
interviews revealed that he had put that beliet into action by constructing an integrated know,odge of
functions and graphing. He easily moved between graphs and equations and could cite specific examples
to explain his ideas. However, Tom's codings in the Student Ranking Table (see appendix) would suggest
a higher percentage of corract responses in the functions category. This discrepancy Is tenable.
Throughout the interviews, Tom indicated that he was often inattentive to his schootwork. ARthough Tom
enjoyed mathematics, he often found the homework boring and tedious and so would skip it. While not
blaming his teacher, Tom also confessed that he had not read or completed the homework on the
composition section even though he had been absent during the class discussion. Thus, Tom's uncertainty
with the composition notation is understandable given his confession and attitude toward scheolwork.
Sug

In her beliefs assessment Sue indicated that mathematics required analysis and logic but did not
utilize imagination or creativity. While Sue felt that every problem had a corract answer, most problems
had multiple-solution techniques. In addition word problems often necessitated exploration before an
appropriate equation could be written. Sue felt that mathematicai knowledge was initially leamed by
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memorization, but through repeated usage that knowledge became integrated into one's thinking. Her
remarks suggested that she saw mathematics as automatized rules and formulas. Sue also expressad her
frustration at the irrelevance of much of the mathematics she studied in school. She fek her schoolwork
in mathematics would hel,> her be well-rounded academically, but that it had no tie to her real life.

Sue’s comments presented a view of mathematics as both conceptual and procedural. This
mixture of views was also manitest in her discussion of and solutions to the problems in the beliefs
assessment. Sue demonstrated in these interviews that she could justify solutions by using number sense,
apply multiple approaches to a problem, and summarize results. At the same time, Sue also graded the
sample test primarily on the basis of familiarity of form rather than process. In addgion, Sue began the
problem-solving protecols with the expectation that an equation or formula could be applied or that one
could be written. While Sue held this expectation, she also consclously monitored her progress and
abandoned that view whan it failed to produce any tangible or immediate results. This monitoring along
with her expactation that her results should make sense appeared to override her expectation tfor an
equation or formula and hence facilitated her problem solving.

Sue’s belief's assessment revealed that she had beliefs and actions indicative of both a procedural
and conceptual view of mathematics. Along with this mixed perspective, Sue also demonstrated a
consistent autonomy with mathematics by monitoring her actions and 'b)' expecting her answers and
solution techniques to make sense. This same mixture was evident in her interviews on functionz. Sue's
interviews demonstrated that she could give the definition for function, apply it to determine whether a
graph was a function, and extend the concept to the abstract situations in quostions #61 and #63. (See
appendix.) She also was able to graph linear equations and determine the slope from points. In contrast,
her discussion of the intercept problem suggested that her use of the slope-intercept equation was more
procedural than conceptual. She seemed only to be able to find the y-intercept by locating the b posttion
of the equation. She was also uncertain how to check an ordered pair in an equation and even what the
role of x and y were in the equation y = mx + b. While these difficulties suggested a more procadural
understanding of the unit, she constantly checked her answers against her graphs. By doing so0, she gave
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the Impression that she was looking for and expecting the various procedures to be consistent and
intultively correct. Sue’s autonomy again akied her solution process even when her factual and conceptual
knowledge was inadequate.

Sue's beliefs assessment presented a view of mathematics as a mixture of both memorized
procedures and logic. Her problem sokitions in this assessment also revealed a pervasive sense of
autonomy with mathematics. Sue's functions assessment mirrored this same mixture of dependence on
known procedures with the expectation that the solutions should be consistent with her knowledge. It was,
in fact, Sue's autonomy that moderated her procedural view of mathematics and faciltated her probilem
solving.

Steve

Like Sue, Steve presented a mixed view of mathematics. He perceived mathematics as a language
and as a collection of prescribed rules or techniques. For Stave, the rules of mathematics represented
established results, so he felt it was unnecessary to re-verify them. Foremost though, Sieve saw
mathematics as a tool of science. Scientist used mathematical equations to describe theoretical ideas or
complex phenomenon. While Steve saw the rules as fixed, he also believed they could be adapted to fit
new situations or applications. Steve felt that to apply mathematics often necessitated trial and error and
insight. It was the applications of mathematics that Steve found interesting and creative. Steve also
beileved that mathematics was not instinctual but leamed and that this leamning required memorization,
experience, and understanding. Using a computer analogy, Steve described his own understanding of
mathematics as: "I leam how i to do it and | store [i] up {in] my brain and later | just pull # out and use
it whenever | need to." Overall, Steve’s discussion of mathematics stressed its procedures which required
strict adhaerance to the rules and its applications which required insight to adapt or apply the rules.

Steve's problem protocols in the beliels assessment also demonstrated a mixed view of
mathematics. Steve received his conceptual codings because he justitied aigorit™ms, generalized results,
utilized number sense, and evaluated the sample test on the basis of process. In contrast, Steve received

his procedural coding becausa on the problem-solving questions he relied almost exciusively on equations
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and formuias to solve the problems. It was noted in the discussion of Steve's protocols that even in the
problems coded conceptual, Steve based his arguments and solutions on symbol manipulation, application
of rules, and solving equations. Steve's autonomous and nNonautonNoMous codings followed a similar
pattern. Steve demonstrated his autonomy by monitoring his results, by voluntarily checking his answers,
and by summarizing his results. Steve's also received nonautonomous codings because of his reliance
on authority to justify algorithms and because of his relegation of the validity of results to the execution of
an equation. Thus, in both Steve's comments and problem solutions a common theme emerged. This
theme stressed the accurate exsacution of rules and equations as a tnol primarily for solving &.1d verifying
results.

Steve’s function interviews showed a clear understanding of function notation. In particular, Steve
grasped the relationship between f(x) and y and conveysd an understanding of the roles of the independent
and dependent variables. He also easily discussed the components of y = mx + b, graphed a linear
equation, and computed a slope. While Steve was comiforiable with these topics, he was confused on the
dafinition of function. Steve associated function with any equation that defined a relationship between two
variables. Steve also expressed some frustration with the concept of function because it could not be
represented by numbers or an equation: "That's the problem with math. Cause math is very quamitativ;
and it's tough trying to stick qualitative things to it. Trying to describe it in something other than numbers.”
Two strategies were prominent in Steve's protocol. Whenever possible, Steve looked for some algebraic
manipulation to solve the problem and whenever he graphed points, he would attempt to write an equation
to dascribe that set of points. While at times these strategies were productive, at other times his search
for an equation overshadowed the original question or concept. He gave the impression that he needed
&n equation in order to provide concrete evidence for his thoughts. Steve's solution process was aided by
his monitoring of his execution of procedures and his expectation that his solutions should be consistent
with his equations and knowledge.

Steve's beliefs assessment and function assessment seemed to coincide. In the beiiets

assessment Steve expressed in many ways that mathematics entailed the execution and application of
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procedures. Steve's commerts and actions suggested a reliance on finding and solving equations. He
described mathematics as truthful because "equations don't lie." Overall, he saw "math as just a tool rather
than an end.” He also believed that any mathematical statement could be proved valid or invalid because
"It you had the right knowledge you could prove ik one way or the other. it raay take forever to work out
the equation. But it's still possible.” These remarks support the contention that to Steve, equetions and
their solutions represented a very vital element in mathematics. The problem protocols in Steve’s beliefs
assessment also affirmed this supposition. This emphasis on equations and manipulation appeared again

in his function interviews. Steve demonstrated mastery of those aspects that involved the use or

/
dascription of equations. in contrast though, Steve had difficulty with the definition of function since it was

a "qualitative thing." In both the beliefs assessment and in the function interviews, Steve'’s autcnomy
facilitated his use of these procedures.

Cross-case Digscussion

As the preceding summaries illustrate, the six participants differed in their views of mathematics,
in their autonomy, in their approach to problems, and in their knowledge of functions. The following
discussion will highlight those areas which most clearty distinguish among the participants.

Beli Mathemat

The students’ beliefs about mathematics can be distinguished by their views on the nature of

mathematics, the intellectual characteristics needed for mathematics, the utllity of mathematics, the way

to leam mathematics, and the teacher's role.

Nature of Mathematics. Ann’'s and Tara's views of mathematics provide the most siriking contrast. Ann

perceived mathematics as a way of thinking and stressed the importance of knowing the rationales
underlying procedures. Tara stressed memorizing and executing procedures and rules. Tara aiso saw
matt matics as rigid and inaccessible to individual choices. While acknowledging that mathematics
problems have one right answer, Ann felt that the solution techniques could vary depending on the

individual's insight and preference.

Kelth, Tom, Sue, and Steve hekd views of mathematics that were a mix of these two perspectives.
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Like Ann, Tom valued the reasoning behind problem solutions and Sue shared Ann’s bellef that problems
often had muitiple solutions. Keith, however, was like Tara in that he saw mathematics as rigid and as a
collection of prescribed rules. While Steve also stressed this perspective, he added that mathematics was
a language and a tool of science.

Inteliectual Characteristics. Ann was unique in her perspective on the intellectual characteristics needed

for mathematics. She felt that to do mathematics one must be creative, clever, insightful, and logical. Tara
again provided a start: contrast to this view. She emphasized that she did mathematics by copying and
repeating strategies demonstrated by the teacher. She, uniike Ann, did not hoid the expectation that one
should be able to modify rules or procedures to apply them new situations. On word problems, or in
problem-solving situations if Tara was unable to apply a known formula or write an equation, she tried trial
and error. Howevar, for Tara this process entailed more guessing than deduction and conjectures.
Again, the other participants take positions between these two extremes. Tom, Sue, Steve, and
Keith all shared Ann’s view that word problems and proofs required insight, logic, originality, and trial and
error. In addition Stevo felt strongly that to apply mathematics required cleveress. Although generally
concurring with Ann's view, the others did not agree that one needed to be creative in mathematics. For
example, Sue saw creativity as a trait unrelated to mathematics, since for her it implied freedom of thought
and self-expression. For Sue, mathematics was too rigid and rule-oriented to permit the individual a voice
or choice.
Utility of Mathematics. Among the participants, Ann and Steve saw mathematics as relevant or useful in
their lives. Ann perceived mathematics to be everywhere in life. She even saw mathematics in the
deductions and inferences that one made while reading a newspaper. For Steve, mathematics was useful
for its applications in the sciances and in architecture. Apart from consumer applications Tara, Sue, Keith,
and Tom saw no real need or use for their mathematics. They also shared the belief that their
mathematics coursework shouid to be useful in advanced courses like calculus and useful in leaming
reasoning, but this view was expressed vaguely and skeptically.
Leaming Mathematics. The participants were divided on the issue of whether or not mathematics is
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learned primarily through memorization. While acknowledging that some basic facts needed to be
memorized or mada routine, Anrn and Tom felt they did not need to memorize. They both stated that once
they understood a concept that i naturaily became part of their thinking. Tom aiso believed that
mathematical abilty was parially innate. Sue and Keih fekt that they leamed mathematics through
repetition and some conscious memorization. In cortrast, Tara openly admitted that ail of her mathematical
leaming was achieved through memorization.
Teacher's Role. Among the participants, Tara alone held the expectation that the teacher shouid present
step-by-step explanations ot each type of homework problem. While the others did not share Tara's view,
Ann went further to say that she wished the teacher would not demonstrate everything. She enjoyed
challenges and used the occasions when the teacher did not explain everything to test her own
understanding of the concepts. There was a general consensus among the participants that tests shouid
mirror homework exercises and class examples. Tara was adamant in this view, saying she would quit any
mathematics class that did not conform. While Ann agreed to this view of tests, she did so because she
felt non-routine problems would be unfair to the less mathematically adept students. She felt that more
ditficult problems could be given as optional bonus problems. There was also universal agreement among
the participants that the mathematics instruction should contain examples of real-ife applications. They
felt such applications were essential for motivation and for maintaining intarest.
Autonomy

Each of the participants exhibited some autonomy ekher by voluntarily monitoring thelr work,
checking their answers, or summarizing their resuits. Each held the expectation that mathematical
procasses and solutions shouid make sense, altthough they differed on the degree to which they were able
to capitaiize on that expectation. For exampie, Sue and Tara reached a point in several solutions where
they realized their answers were inappropriate. Because they lacked some domaln-specific knowledge,
or heid inflexible procedures, they were not able to modify their responses to be more appropriate. Ot all
the participants, Anr exhibited the most consistent and ongoing use of seli-monitoring and sel-reflection.
She rarely put a problem aside until she was satisfied with her response. Like Ann, Tom, Steve, Sue, and
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Keith fraquently used number sense and alternate techniquas to verify solutions. For Steve and Sue, their
autonomy also seemed to mediate their procedural expectations in the problem-solving protocols and in
the functions assessment.

Approach to Problems

The problem-solving situations and the evaluation of the sample test revealed distinctions among
the participants. When confronted with a problem-solving situation, Tara expected to apply a formula or
write an equation. Failing this, she used unmonitored trial and error. She was easily frustrated and ingisted
that the researcher should supply hints, clues, or the necessary formula or equation. in contrast, Ann
would begin by expioring the situation, either by thinking of a simpler case or using trial vaiues. She used
these strategies effectively to refine her approach and to suggest reasonable conjectures. Like Ann, Tom
also demonstrated an ease with problem-solving heuristics. He stated that he tried to look for logical
connections between the probiem and its solution. Like Tara; Keith, Sue, and Steve approached the
problem-solving situation with the expectations that they shouid be solved by applying a formula or writing
an equation. Uniike Tara, they were willing to abandon this strategy when their self-monitoring showed it
to be ineffective.

The students’ evaluation of the sample test also revealed distinctions. Ann, Tom, and Steve graded
the test on the basis of the validity of the processes used while Kelth, Sue, and Tara evaluated the problem
solutions by their match to standard or familiar procedures.

Knowl of Functi

In addition to the differences in beliets about mathematics, autonomy, and approach to problems,
the students demonstrated ditfering understandings of the function concepts. One problem in particular,
question #53, highlighted those differences especially well. (See appendix.) In this question the students
were asked to determine the x- and y-intercepts of the nonlinear equation y = (x-1 )(x-2)(x-3)(x-4)(x-5). The
students differed not only in how they approached the problem, but on the flexibilty of their content
knowledge. Tara and Sue had only one strategy for solving for the y-intercept. They tried to put the
equation in y = mx + b form and read the b term. While Sue, Keith, and Tom each were able to recognize
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the form of the intercepts as (x, 0) and (0, y), they could not utilize this information readily. Sue found it
confusing to substitute for y instead of x. All three were baftled when the rasearcher suggested that they
substitute simultaneously both coordinates of a point into the equation. Not only was this action new to
them, they saw no reason for it

Only Ann had integrated into her understanding the relationship between the ordered pairs, the
original equation, and the graph. She moved quickly among these three representations or perspectives
and .~ motivation as well as confirmation from them. With the exception of Ann, the other participants
were not especially willing to consider the possibiiity that the graph was nonlinear. In fact, Kelth forced the
graph to be linear by dividing the original equation into five separate linear equations: y=x-1,y=x-2;
y=x-3;y=x-4,andy =x-5. Sue admitted that she did not know how to determine when an equation
might be linear. While initially confused, Tom and Steve were able to eventually ascertain the intercepts
and suggest that the graph should be nonlinear. These observations, however, were not made without
considerable prompting and questioning by the researcher. Here again Ann's autonomy and need for the
concepts to make sense seemed to compel her to explore the question until she understood what type of
graph could have multiple intercepts.
Additional Comments

Ann's interviews revealed not only a conceptual view of mathematics, but a facility with content as
well. Annwas able to give spontaneous examples of graphs and equations to iliustrate her definitions and
explanations. These explanations were clear and succinct. Her conversations were not broken by faise
starts and ramblings. Thus, Ann’s interviews demonstrated a qualitative difference beyond the substance
of the discussion.

Just as Ann’s interviews were characterized by their clarity, Tara's were often confused and vague.
During the interviews Tara repeatedly asked for assistance and confirmation for her answers. When none
was forthcoming, she wouid attempt to read the researchers facial expressions for ciues. While
mathematical discussions were not easy for Tara, she was very articulate and confident in discussions of
English lterature and personal matters.
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The discussion of the other participants also revealed individual characteristics. Like Ann, Tom also
was able to give examples, although his discussion was marked by a terseness. Keith's discussions were
characterized by their brevity, since he rarely volunteered information. Sue’s discussions were punctuated
by a jovial forthrightness. She woukd quickly tell you when she did not understand a Question or concept
and then laugh at her own confusion. Steve, like Keith, was somewhat reserved. His remarks usually were

tied to references to the sciences or to computers. He often described his mind and thought processes
in terms of a computer model.

These differences are not always reflected in the preceding discussions of the students’ beliefs,
autonomy, and knowiedge of functions. They do, however, provide additional insight into tha Jistinctions
among the participants. For example, Ann, Keith, and Tom were close in the number of function questions
they answered correctly but this proximity does not illustrate the distinctions ir: clarity, succinctness, and
spontaneity exhibited in their remarks.

mm f its

The results suggested that generally the students' actions and knowledge In the function protocols
waere consistent with their beliefs about mathematics and their autonomy. Within this consistency though,
each student conveyed a unique set of beliefs about mathematics and demonstrated ditferent degrees of
autonomy. The Student Ranking Table in Appendix summarized the differences among the students.

The differences observed among the students were in keeping with the results found by Buchanan
(1984) in her investigation of beliefs and problem solving. Buchanan noted that stude:ts whose primary
beliefs about mathematics were relational or instrumental showed both autonomous and non-autonomous
actions in their problem-solving approach. They also had differing sources for their motivation. Coliectively
these results suggested a continuum of beliefs from conceptual to procedural rather than the dichotomous
views of mathematics proposed by Skemp (1987). In this siudy, Ann and Tara represented views of
mathematics at the extremes of the continuum with the remaining students located between them.

Skemp (1987) also conjectured that students’ autonomy was related to their beliefs about
mathematics. Briefly, he proposed that relational (conceptual) views of mathematics would coincide with
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autonomy, while instrumental (procedural) views would be associated with a lack of autonomy. This simple
dichotomous view was not reflective of the data reported here. While Ann and Tara seemed to fit Skemp's
dualistic model, the other participants did not. In fact, the protocols of Steve and Sue demonstrated that
autonomy can enhance problem solving and hence mediate an otherwise procedural expectation that ali
problems should be solved by applying a formula or solving an equation.

Ancther hypothesis suggested by Skemp (1987) was that different beliefs and autonomy generate
divergent knowledge structures. The students’ beliefs and autonomy did appear consistent with their
knowledge of functions, although the results did not confirm the two divergant structures proposed by
Skemp. Just as the students’ beliefs were a mixture of conceptual and procedural views, so were their
understandings of functions a mixture of memorized procedures and integrated concepts.

While not validating the dichotomous views that were originally hypothesized, the results did confirm
interrelationships among the factors investigated: beliefs about mathematics, autonomy, and knowiedge
structure. What appeared was a complex and subtie interdependency. For example, Steve's and Sue’s
autonomy seemed to mediate their procedural expectation in the problem-solving protocols and in the
function assessment. For Tara, her attempts to validate her answers or explofo her ideas often were
frustrated by her apparent lack of domain-specific knowledge or her inflexibility with procedures.

In addition to the results reported above, several other observation arose from the data. Like Frank
(1985), the researcher noted that the participants often prefaced their comments with phases such as: "l
don't remember,” or "we ware naver told this,” or “I'm not sure this is right." Frank designated this as
‘bailing out' and attributed it to "an attempt to gracetully get out of an uncomfortable or unprofitable situation
(p. 95)." The researcher noted a similar implication in the use of these phrases in the participants’ problem
protocsls. The results also seemed to confirm the conclusions drawn by Cobb (1985), Frank (1885), and
Schoenfeld (1985) that students’ problems-solving heuristics were in keeping with their global beliefs about
mathematics.

One final issue needs to be discussed concerning these results. Doyle (1983) noted that what

students attend to in class often reflected their perception of the class' requirements. In both the Algebra
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Il and the Algebra IV Trigonometry classes, the teacher's expectation on the function unit seemed to refiect
the procedural aspects of the topic. Mrs. Thomas also held the belief that for the Algebra Il class it was
important to present samples of all homework problems and that tests shouid be faiily consistent with these
problems. The tests and quizzes given in both clagses conformed to this expectation and also tended to
inciude procedural and recall type questions. During the lecture portion of the class period, Mrs Thomas
reinforcad this expectation by her continual use of procedural questions. However, the class format
provided some opportunity for autonomy with the students presenting their homework solutions at the
board. T

The participants’ understanding of functions needs to be considered against the background of this
classroom environmert. With the exception of Ann, the other participants strongly believed that
mathematics test questions should match homework assignments and class examples and hence agreed
with their instructor. Primarily the classroom analysis showed that the students’ procedural beliefs about
mathematics in general and their procedural expectations for the content were not challenged by the
teacher's actions. Thus, Tara's view of mathematics as a disjoint collection of memorized rules seemed
to be further reinforced in her class. Ann's strong bellef that mathematics involved ideas and craativity
stood in stark contrast to the teacher's own beliefs that mathematics was useful, but not interesting. Also
the teacher's belief that the applications of the mathematics were not important, was in contrast with the
students’ desire for real-life exaraples to provide motivation for studying functions or mathematics in
general.

i for Future Regearch and for Teachi

This research study investigated the relationship between studenis' beliefs, autonomy, and
knowiedgs of functions against the background of the classroom environmernt. While the environment was
observed and analyzed, it was not an integral component of the investigation. Thus the effects of that
classroom on beliets and knowledge were not expiicitly studied. This aspect, then, is one possibie area
that should be studied further.An additional area of research suggested by the results is studemnts’
autonomy. The apparent power of these expectations to influence students' actions, especially in problem-
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solving situations, had not been anticipated by the researcher. Their potential warrants furiher study.

The participants’ discussion of the their past experiences, the teachers role in leaming
mathematics, and their own learning strategies suggests that beliefs about mathematics are connected with
classroom experiences and classroom expectations. This further suggests that the classroom environment,
which includes the teacher's own beliefs about mathematics and the teacher's presentation of and
expectations for the mathematical content, may convey unspoken messages to the students about the
nature and processes of mathematics. If subsequent research affirms the influence of beliefs and
autonomy on learning, then the classroom teacher neads to be cognizant of these unspoken messages and
perhaps modify classroom activities to foster a more ;:onceptual view of mathematics. This view might be
ancouraged through student-centered activities, especially problem-solving situations, and the estabiishment
of classroom expectations which include explanations, explorations, and autonomy.

Conclusions

The results trom this research investigation suggest three hypotheses concerning students’ beliefs
about mathematics, autonomy, and mathematical knowledge. First, students’ beliefs about mathematics
rather than being dichotomous form a continuum from strongly conceptual in outiook to strongly procedural.
Second, students’ autonomy augments their beliets about mathematics and often mediates them. Third,
students’ beliefs and autonomy appear to concur with their problem-solving strategies and with their
knowladge of mathematics. Collectively these hypotheses suggest that students’ beliets and autonomy are
an integral component of students’ conception of mathematics and influence both how problems are
approached and how mathematics is learned. Further study needs to be done on how and when thdse
beliets are formed and under what conditions these beliefs are modified or changed. Finally, the interplay

among beliets, autonomy, and learning need to be investigated in the actual classroom context.
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Student Interview Protocols

A e e e e

Interview #1 (Background Questions)

1)
2)
3)
4)
5)
6)
7
8)
9)

10)

11)

12)

13)

14)

15)

16)

17)

18)

How old are you?

Are you a junior?

What courses are you taking now?

Do you belong to any clubs or groups?

Do you belong to the mathematics team?

Have you éver used a computer?

Do you own a calculator?

Do you ever read any game or puzzle books?

Do you have a job?

Do you use mathematics in your job?

What other mathematics classes have you taken?

Could you tell me about those classes?

What do you plan to do after high school?

Do you anticipate taking mathematics in coliege?

In New Hampshire you are required to take only 2 years of mathemalics, so why are
you taking a third year?

How co you use mathematics in your everyday life?

Now use your imagination. Name something that is the most uniike mathematics that
you can think of. What makes it unlike math? Name something that is the mostlike
mathematics. What makes it like math?

How would you describe your own ability to do mathematics? »
Would you describe someone in your class that is good at mathematics? What
makes them good?

How does someone get to be good at mathematics?

Problems. General instructions on all mathematics problems was: Read the problem out

loud and tell me what you're thinking as you do the problem.

19)

1/4 + 2/3
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Foliow up:
Why do you need commion denominators?
20) 6 divided by 3/8
Foliow Up:
Why co you invert the divisor?
Does your answer make sense? Why? When you do divide, your answer gets

smaller. Does your answer make sense?

interview #2 (Problem Protocols and Belief Questions)

21) 150 x .25
Foliow Up:

How do you know where to place the decimal point?

Does your answer make sense? Why could it not have been 37.5 or 3.757
22) Vocabulary list. (see following list)

instructions: Gircle the words that you associate with mathematics (English, history

or science). Read them out loud as you go. Are there any words that you think go

together? Why?




absolute
anxiety
capricious
classical
controlied
current
diagrams
easy
expressive
formulas
general
ideas
integrating
language

mufti-dimensional

old

organized
right/wrong
sequenced
specific
theoreticai
trial and error
valid
weil-defined

VOCABULARY LIST

abstract analyze
arbitrary beauty
cause & effect changing
clever common sense
controversial creative
deductive depth
discovery dogmatic
elegant exciting
factual fixed
fragmented free

goals hard
individualistic insight
intensive interpretative
logical mechanical
multi-perspective new

open ended opinionated
practical precise

rigid routine

shoit cuts simpie
structured symbolic
thorough thought provoking
universal uncertain
varying verbal
writing

44
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ancient
boring
chronological
concentration
cultural
detailed
duli
experiential
flexible

fun
humanistic
instinctive
known
memorize
objective
ordered
rational
rules
solemn
truthtul
themes
usetul

visual
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interview #3 (Problem Protocols and Belief Questions)
23) Which of the following fractions is more than 3/47? 35771, 13720, 71/101, 19/24,
15/20.
Foliow Up:

Could you have done it without a caiculator?
24) Which is the least of the following numbers?

15, N5, 15,755, 1515
Follow Up:

How else could you do the problem?
25) Jimmy was trying a number trick on Sandy. He told her to pick a number, add 5
- to it, multiply the sum by 3 then subtract 10 and double the result. Sandy’s final
answer was 28. What number did she start with?
Follow Up:
Do you believe your answer?
26) Find 20% of 85.
Follow Up:
Do you believe that number? Why does it seem reasonable?

27) What is the smallest positive number which when it is divided by 3, 4 or 5 will leave
a remainder of 2? Note: Two is the smallest integer that satisfies this relationship.
However, all the student participants tacitly assumed that divided by meant a factor
greater than zero (e. g. 3k + 2, k > 0).

_ 28) Which is larger the value in column A or in column B?

A B
543 X 29 30 X 543
32 28
Follow-up:

Could you have answered the question without muttiplying it out (or using the calculator)?




29) Which is larger the value in column A or in column B?

P<O

P o)

Foliow-up:
It students gave an incorect response, the researcher asks the students to try
various numbers, including a counter-example to the students statement.

A

%

v

B D C

30) In the diagram above, if BD = DC and the area of the shaded region is 8, the area

of the triangle ABC is.

Follovﬁ-up:

If stuck, the researcher asked the student to tell what they felt they needed to know
in order to solve the problem. Since this usually involved the length of BD or BC,

the researchers suggested the student make up a number and try it out.
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Interview #4 (Problem Protocols and Belief Questions)

31)

32)

33)

34)

35)

Smith gave a hotel clerk $15 for his cleaning bill. The clerk discovered he had
overcharged and sent a bellboy to Smith's room with five $1.00 bills. The dishonest
bellboy gave three to Smith, keeping two for himself. Smith has now paid $12.00.
The bellboy has acquired $2.00. This accounts for $14.00. Where is the missing
doliar?

Sample test. (see following Interview #4)

Instructions:

Pretend now that you are the teacher. | want you to grade this test. The first five
problems are worth six points each, and the last four are worth ten points each.
Grade it, and tell me why you are taking off the points that you are.

Follow Up:

After grading the test, the researcher queries the student about any misconceptions
they may have allowed to stand. Also on question 1l (a) the researcher usually
attempted to clarify it the students believed that the problem was done incorrectly,
inefficiently or the student marked it based on not matching the standard procedure.

Which is larger, the value in column A or in column B?

A B
P+2 2-P
Follow-up:
Again, counterexamples were suggested if students offered incorrect solutions.
Which is larger, the value in column A or in column B?

R>0O

R? R
Foliow-up:
Counterexamples were suggested if students offered incorrect solutions.

The radius of the earth is approximately 4,000 miles. What length of rope would be
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needed to “fit* around the equator? Now suppose we add about 6 feet to the length

»

of the rope (i.e. 2 feet), how far above the ground wouid the rope be? Woulda
piece of paper fit between the ground and the rope? Couid a mouse crawi through?
Could a person walk under it?

Foliow-up

Since the purpose of the question included the students’ reaction to the feasibility of
the answer, the researcher interacted with the students, assisting if necessary, the
students’ understanding of the question and monitoring the appropriate usage of
units. How certain do you feel about your answer? On a scale of 1 to 10 how

confident are you?
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ALGEBRA REVIEW TEST

*%* Show all work *x <1b\f"l$>
*% Write neatly xx - nace .
**Circle your answers xx

I. Simplify the

-1
==+
/_w '-7
(e) £ /= —
-8 O ‘
II1. Solve for X. Write ancwers in set notation. (10 points each)
(a) 3X -7 = 4 . (b) 3(X -2) + 12 = X + 2(X + 2) + 2
TRy -7 r8E Uy 34 -L H13=wyw+rYAyryra
L =4
By-d2+> = T+ ~
2 - < Z\
S>vw = Z_’\L"éb ;
2
-~ %% ‘:>__Ll
-3 3
=13
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(c) 1/2 (4X - 8) = 5% - 3(X - 4)

Ax =3 =85y -3t/

48

(d)|x+a < 2

—p < AF3<E
S -34YT 335
—s<& < |

N o Salu.‘("v’ﬁml

e by lutr valea
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Interview #5 (Problem Protocols, Belief Questions, and Student/ Teacher Roles Questions

36)

37)

38)

39)

40)
41)

42)

43)

Ranking chart. (see following chart)

Instructions:

What | would like you to do is rank order the topics across the top from one to
eleven. For example, if you find decimals the most interesting, you would give it a
one, the most boring topic an eleven. Let me know what you're thinking as you fil}
out the chart.

| wouid like you to imagine there is a new kid in school. This student is an English
speaking foreign student who is unfamiliar with American school. The guidance
office calls you down and asks that you show him the ropes in your mathematics
class. What kind of advice would you give him?

Follow-up questions if necessary:

What woulkd you tell him about homework? Tests? Lectures? Your teacher? What
should he do if he gets stuck on his homework?

In a few years | will be teaching teachers how to teach mathematics. Do you have
any advice to pass on to them?

It you couid change anything about mathematics, or the way it is taught, what would
you change?

How would you fill in the blank "a good math teacher is someone who"?

| have a friend who likes to make mathematics tests what he calls a learning
experience. He puts problems on the test that the students have never seen before
but are related to the ideas they have had in class. Do you agree or disagree with
my friend's philosophy?

Follow-up, it necessary:

How would you convince him that this is not right?

| 'have had students say to me “You didn't go over that in class, but you gave us
homework on it anyway. | don't think that's fair." Do you agree or disagree with
those students?

I'have aiso had students say to me "You waste too much time in class going over

things that you don't ask us on the test.” Do you agree or disagree with their view?
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Interview #6 (Function Problem Protocols)

44) Describe what is meant by a functior. Give an example of something that is not a

C))

51

%
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function.
45) Which are funcﬂons? Which are relations?
13
@ 3 . 3
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46) What does f(x) = 2x + 3 mean?

47) Graph f(x) = 2x + 3. Are straight lines functions?
48) What the x's and y's in the formula: y = mx + b?

49) What is slope?

50) Points (0, 1), (2, 4), and (8, 10) lie on the same line. Compute the slope of the ling?

Foliow-up:

It you used a different pair of points what would you get? Why?

51) What is meant by the vomain and range?

Follow-up:

Reterring back to the graphs is #45, ask the siudent to give the domain and range
of the graphs. Or ask the student to write an equation of a function and give it's

domain and range.

o4




52) What is the domain and range of (x) -.-"x - 47
52

interview #7 (Function Problemn Protocols)

53) Find the x and y intercepts for the graph of
y = (x-1)(x-2)(x-3)(x-4)(x-5).

54) What does the notaticn f(g(x)) mean?

55) f(x) = 1/ and g(x) = x - 3.
(a) Find f(g(2), 1(g(0)), and (f(g(3))-
(b) What is the domain of h(x) = 1(g(x))?

56) Does f(g(x)) = g(f(x)}?

57) The y-intercept of the line n the figure is 6. Find the siope of the line if the area

of the shaded triangle is 72 square units.

A

(.J

/ / S

58) Prove that the line segment joining the midpoints of the successive sides ot a

rectangle form a rhombus.
/N

v
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Interview #8 (Function Problem Protocols)

59) During a flu epidemic in a small town, a public health official finds that the totai
number of people P who have caught the fls after t days is closely approximated by
the formula: ‘

P(t) =25t - 20 (1 <t < 29).

(a) How many have caught the flu after 10 days?
(b) After approximately how many days will 275 have caught the lu?

60) Why did you study functions? What good are they?

61) it (2, a) and (2, b) are points on the graph of function, what can you conclude about
a and b?

62) It costs a recording artist $2100 to make a master tape and $1500 for each 1000
tapes produced. The tapes sell for $5 each. How many tapes must be sold before
a profit is made?

63) In the Brown family there are these people: Bill, Jane, Sarah, and Tom. In the
JonesAfamily there are Allen, Carol, Dave, George, and Patty. Now if | write these
peoples names as ordered pairs, that is as (Bill, Brown), (Jane, Brown), (Sarah,
Brown) and so on for the Brown family. Also do the same for the Jones family.
Does this coliection of ordered pairs describe a function? If the order is reversed
will it be a function?

36
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Coding Criteria

Conceptual View of Mathematics

Summarizing, a conceptual view of mathematics holds that mathematics is composed of
integrated concepts. Students perceive the concepts which underpin procedures as rational,
knowable, and vital for thsir understanding. This view of matherratics is evident by a student's
non-reliance on rules and known procedures in problem solving situations, by seif-reflection on
the selection of procedures and their execution and by the development of a rational@ for basic
procedures.

Students with a conceptual view.

1) could justify procedures on the basis of first principles or on intuitive number sense,

2) have integrated procedures as opposed to having isolated applications or have multiple
ways to approach a problem,

3) use number sense to facilitate approximation or check reasonableness of answers,

4) have the ability to summarize or generalize a process used to solve a probiem (not mere
repetition of steps--must add some interpretation or perspective to summary), or

5) graded sample test on the basis of validity of process not just answers or familiarity of form.

|
-l
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Procedural View Of Mathematics

Summarizing, a procedural view of mathematics is primarily one that views mathematics as an
isolated collection of piocedures rules to be memorized. The importance lies in the execution
of these procedures and not in the rationale behind them. This view would maniest itseff in
| problem solving situations as an exclusive raliance on formulas or equations to solve these
: problems. In addition, a procedural view of mathematics would be evident in the student’s
| inability to offer any rationale for basic arithmetic and algebraic procedures.
Students with a procedural view would:
1}  execute algorithms without evidencing any ties to other idea or ability to justify procedures
in terms of first principles,
2) have the expectation that mathematics can be solved by merely applying a given algorithm
or by solving an aigebraic equation,
3} used unmonitored trial and error, or
4) graded the sample test on the basis of. answers, not process, tamiliarity of form and
marked problems incorrect on the basis of form.
. Demarkations: |
strong evidence
sufficient evidence
weak evidence

Uncertain - unable to code problem dialogue

o8
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Autonomy

Autonomy is defined here as more than an independence of action. Autonomy is associated

with an expectation that mathematics should make internal sense to the individual. By this, it

is meant that the student believes she is the primary source of justification for her mathematics.

She expects her answers or solutions to internally consistent with her knowledge. A student

lacking such an expectation would require an outside authority - teacher or text or answer key

to judge the soundness of her solutions. Mathematics for a student who lacked autonomy would
represent an external knowiedge.

An autonomous student would:

1)  show independence from the researcher by (a) challenging the researcher's suggestions
or (b) delay or put off responding to researcher's ideas or questions until they have had
an opportunity to check a computation or idea for themselves,

2) check answers voluntarily,

3) monitor the reasonableness of answers as problem solution prograsses,

4) show an expectation that the problems should make sense,

5) rephrase problems in her own words, or

6} conclude a problem by summarizing idea for herself.

A nonautonomous student would:

1) relay on the researcher to supply answers, hints or clues,

2) express the view that mathematics is memorized rules given by the teacher, or

3) expect others to judge the validity of answers.




" Student Rankings

Beliefs Functions

Name C P A NA CcT ic .

Ann 100%* 0% 100% 0% 85% 15%
Tom 100% 0% 100% 0% %% 25%
Sue 90% 10% 100% 0% 80% 20%
Steve 75% 25% 75% 25% T70% 30%
Keith 62% 38% 40% 60% 85% 15%
Tara 57% 43% 3I3% 67% 70% 30%

Note. C = conceplual; P = procedural; A = autonomous;
NA = nonautonomous; CT = commect; iC = incorrect.

' ‘Proportion of problems that were codable as conceptual to the
total number of problems codable as concaeptual or procedural.
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